We study the semirelativistic Hamiltonian operator composed of the relativistic kinetic energy and a static harmonic-oscillator potential in three spatial dimensions and construct, for bound states with vanishing orbital angular momentum, its eigenfunctions in "compact form," i.e., as power series, with expansion coefficients determined by an explicitly given recurrence relation. The corresponding eigenvalues are fixed by the requirement of normalizability of the solutions.
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Introduction: relativistic harmonic-oscillator problem
The simplest and perhaps most straightforward generalization of the Schrödinger operators of standard nonrelativistic quantum theory towards the inclusion of relativistic kinematics leads to Hamiltonians H that involve the relativistic kinetic energy, or relativistically covariant form of the free energy, of a particle of mass m and momentum p, given by the square-root operator
and a coordinate-dependent static interaction potential V (x). In the one-body case, they read
The eigenvalue equation of this Hamiltonian is usually called the "spinless Salpeter equation." It may be regarded as a well-defined approximation to the Bethe-Salpeter formalism [1] for the description of bound states within relativistic quantum field theories, obtained when assuming that all bound-state constituents interact instantaneously and propagate like free particles [2] . Among others, it yields semirelativistic descriptions of hadrons as bound states of quarks [3, 4] . In general, the above semirelativistic Hamiltonian H is, unfortunately, a nonlocal operator: either the relativistic kinetic energy, T (p), in configuration space or, in general, the interaction potential in momentum space is a nonlocal operator. Because of the nonlocality it is somewhat difficult to obtain rigorous analytical statements about the solutions of its eigenvalue equation. Thus sophisticated methods have been developed to extract information about these solutions; for details and comparisons of the various approaches, consult, for example, the reviews [5] [6] [7] [8] [9] [10] .
Analytical or, at least, semianalytical 1 expressions for both upper and lower bounds on the eigenvalues of some self-adjoint operator may be found by combining the minimum-maximum principle [11] [12] [13] and appropriate operator inequalities [14] [15] [16] [17] [18] . The outcome of this procedure is sometimes called the "spectral comparison theorem." 2 A very systematic path for obtaining such operator inequalities is provided by rather simple geometrical considerations summarized under the notion "envelope theory" [19] [20] [21] [22] [23] [24] . These envelope techniques may be generalized to systems composed of arbitrary numbers of relativistically moving interacting particles [25] [26] [27] . For particular potentials V, semianalytical lower bounds on the ground-state energy eigenvalue of the semirelativistic Hamiltonian (1), and hence on the entire spectrum of H, can be found by the appropriate generalization of the local-energy theorem [13, [28] [29] [30] to our case of relativistic kinematics [23, 31] , or by applying the optimized (Beckner-Brascamp-Lieb) version of Young's inequality for convolutions to some integral formulation of the spinless Salpeter equation [32] .
Purely numerical solutions of the spinless Salpeter equation may be computed in numerous ways. The semirelativistic Hamiltonian H can be approximated by some effective Hamiltonian which is of nonrelativistic shape but uses parameters that depend on expectation values of the momenta [33, 34] . Upper bounds of, in principle, arbitrarily high precision on the eigenvalues of a self-adjoint operator can be found [18, [35] [36] [37] [38] [39] with the help of the Rayleigh-Ritz (variational) technique as immediate consequence of the minimum-maximum theorem [11] [12] [13] . The spinless Salpeter equation may also be converted into an equivalent matrix eigenvalue problem [40] [41] [42] [43] [44] [45] . 1 We regard a bound on some eigenvalue of a given self-adjoint operator as semianalytical if it can be derived by the -in general, numerical -optimization of an analytically known expression over a single real variable. 2 We recall the proof of the "translation" of some inequality satisfied by two operators into relations between their (discrete) eigenvalues by briefly sketching the basic assumptions and the line of argument in Appendix A.
A particular rôle for H is played by the spherically symmetric harmonic-oscillator potential
this potential defines the "relativistic harmonic-oscillator problem," posed by the Hamiltonian
The eigenvalue equation of H, for eigenstates |ψ , H |ψ = E |ψ , involves only one parameter: upon factorizing off some overall energy scale a 1/3 by performing the canonical transformation
and rescaling both mass m and eigenvalue E according to m = a 1/3 µ and E = a 1/3 ε, it reads
In momentum-space representation this eigenvalue equation reduces to a Schrödinger problem
with an interaction potential reminiscent of the square root of the relativistic kinetic energy:
We would like to take advantage of this facet of the relativistic harmonic-oscillator problem in order to derive for its bound-state eigenfunctions, in this analysis, a compact expression and to move thereby beyond only numerically calculated exact solutions without having to rely on perturbation theory, maybe paving the way for the eventual construction of analytic solutions.
Analytical solutions for bound-state eigenfunctions
We exploit the fact that, in contrast to the general case, for a harmonic-oscillator potential (as, with due care, for any potential of the form V ∝ r 2n , n = 1, 2, 3, . . .) the eigenvalue equation of the Hamiltonian H is an ordinary differential equation, parametrized by µ and its eigenvalue ε.
Focusing on the ground state or purely radial excitations, let us introduce, for eigenstates with vanishing relative orbital angular momentum ℓ, the reduced radial wave function y(p) by
which is, of course, subject to the normalization condition ∞ 0 dp |y(p)| 2 = 1 .
In accordance with Eq. (3) the reduced radial wave function satisfies a reduced radial equation:
From its definition, this reduced radial wave function y(p) has to vanish at the origin: y(0) = 0. Moreover, the analysis of the normalizable solutions of the eigenvalue equation (4) reveals that y(p) behaves like p for small p, that is, for p ≪ 1; hence, its derivative with respect to p at the point p = 0 is a nonvanishing constant, which may be absorbed into the overall normalization: dy dp (0) = 1 .
We construct all solutions of Eq. (4) in form of Taylor-series expansions by using the ansatz
with the expansion coefficients
The solution of the eigenvalue equation (4) is then clearly tantamount to the determination of the expansion coefficients c n . The first three of these expansion coefficients are known trivially:
Upon insertion of the eigenvalue equation (4) followed by the application of Leibniz's theorem, the nontrivial expansion coefficients c n , n ≥ 3, may be shown to satisfy the recurrence relation:
Here, for the last step, we abbreviated the k-th derivative of the potential V by a coefficient d k :
In the case µ = m = 0, the solutions involve Airy's function Ai(z); cf., e. g., Refs. [18, 23, 33, 34] . According to the above definition, we have d 0 = 1. Furthermore, by inspection of the function f (x) = √ x 2 + 1, it is easy to convince oneself that all odd derivatives of f (x) vanish at x = 0,
whereas all even derivatives of f (x) at x = 0 necessarily satisfy the (simple) recurrence relation
By induction, the solution of this recurrence relation for the nonvanishing coefficients d 2k reads
Taking into account the observation (6), we obtain c 3 = µ−ε and, for the coefficients c n , n ≥ 4,
where
for n even, n = 2, 4, 6, . . . , n − 1 2 for n odd, n = 3, 5, 7, . . . .
Thus the recurrence relation (5) for all expansion coefficients c n decomposes into one involving only the even coefficients c 2n , n = 2, 3, 4, . . . , and one involving only the odd coefficients c 2n+1 , n = 2, 3, 4, . . . ; recalling c 0 = 0 and c 2 = 0, we conclude that all the even coefficients c n vanish:
With the result (7), the recurrence relation for the (nonvanishing) odd coefficients finally reads
In summary, upon constructing the relevant expansion coefficients according to this recurrence relation the analytical expressions for all reduced radial wave functions (of ℓ = 0 bound states) y(p) of the relativistic harmonic-oscillator problem (2) are given by the power-series expansion
The various solutions y(p) of the eigenvalue equation (3) are characterized or discriminated by different sets of expansion coefficients c n . By construction, apart from the first coefficient c 1 , all expansion coefficients for a given solution depend on the corresponding energy eigenvalue ε. Evaluating the recurrence relation (8) for just the first term, the series (9) explicitly starts with
Energy eigenvalues of the bound states
As noted above, for a given solution of our eigenvalue equation (4) the expansion coefficients c n and thus also the resulting reduced radial wave function (9) depend on the energy eigenvalue ε. Taking into account the necessary requirement of normalizability of Hilbert-space eigenstates, the inversion of such relationships may be exploited to determine the energy eigenvalues ε from the knowledge of the dependence of ε on the coefficients c n , as derived in the preceding section. In order to fulfil its normalization condition, any solution y(p) must vanish in the limit p → ∞:
In all numerical evaluations of our formalism, the constraint (10) is implemented by forcing y(p) to vanish at (suitable) large values of p. Moreover, for practical purposes the infinite series (9) has to be truncated to a (reasonably large) number N of terms considered in the expansion:
This gives the energy eigenvalues ε with a precision determined by one's choice of N: ε = ε(N).
To our knowledge, at present the best semianalytical upper and lower bounds to the energy eigenvalues of the relativistic harmonic-oscillator problem are provided simultaneously by the combination of minimum-maximum principle with operator inequalities [18] and the envelope theory [19, 21] : at least for the relativistic harmonic oscillator the envelope bounds [19, 21] may be shown [23] to be quantitatively equivalent to the bounds derived in Appendix A of Ref. [18] . For a bound state of vanishing relative orbital angular momentum ℓ, that is, for a purely radial excitation, identified by the radial quantum number n r = 0, 1, 2, . . . (identical to the number of nodes of the corresponding wave function), the bounds on the dimensionless eigenvalue ε read
where, in three spatial dimensions, our envelope-theory upper-bound parameter P U is given by
whereas the lower-bound parameter P L required by these envelope bounds has to be computed numerically; its values for the lowest-lying ℓ = 0 bound states are given in Table 1 [9, 19, [21] [22] [23] . Table 2 compares, for the lowest four ℓ = 0 energy levels (identified by their radial quantum number n r = 0, 1, 2, 3) of our Hamiltonian (2), the approximate eigenvalues, ε(N), obtained by the present approach by a truncation of the power series (11) to N = 14 or N = 44 terms, with the corresponding semianalytical upper (ε U ) and lower (ε L ) bounds mentioned above as well as with the (numerically exact) eigenvalues ε num , computed by a method developed for the purely numerical solution of (nonrelativistic) Schrödinger equations [46] . For N = 14, the polynomial in ε resulting from the suitably adapted boundary condition (10) has only two real roots at all. Moreover, both of these approximate values are still above our (semianalytical) upper bounds. In contrast to this rather crude approximation, for N = 44 the eigenvalues ε(N) of already the three lowest energy levels fit perfectly to the ranges spanned by the semianalytical bounds. For the ground state, in particular, ε(44) reproduces the exact result at least to five decimal places. Table 1 : Numerical values of the parameter P L used by envelope theory for the lower bounds on the energy levels of the relativistic harmonic-oscillator problem in three spatial dimensions, for the lowest-lying ℓ = 0 bound states identified by their radial quantum number n r = 0, 1, 2, . . . . 
Summary and Conclusions
Our compact result for the reduced ℓ = 0 eigenfunctions of the Hamiltonian (2) is given by the power series (9), with expansion coefficients c 1 = 1, c 3 = µ−ε, and c 2n+1 , n ≥ 2, determined by the recurrence relation (8) . Extraction of its eigenvalues from Eq. (10) is not really practicable.
Consider for some operator A, with domain D(A), its eigenvalue equation A |α k = a k |α k , k = 0, 1, 2, . . . , for its set of eigenstates {|α k , k = 0, 1, 2, . . .}, corresponding to its eigenvalues
and likewise for some operator B, with domain D(B), its eigenvalue equation B |β k = b k |β k , k = 0, 1, 2, . . . , for its set of eigenstates {|β k , k = 0, 1, 2, . . .}, corresponding to its eigenvalues
Assume that both these operators A and B are self-adjoint:
This implies that all their eigenvalues are real:
Consider only the discrete eigenvalues a k of A below the onset of the essential spectrum of the operator A. Assume that the operator A is bounded from below. Assume that the operators A and B are related by an operator inequality of the form A ≤ B, which implies that B too is bounded from below. In order to derive, for any k = 0, 1, 2, . . . , the relationship between a k and b k , focus on some arbitrary 
